Abstract. This paper comprises three advertisements for a known theorem which, the author believes, deserves the title of the Caratheodory extension theorem for vector valued premeasures. Principal among these is a short and transparent proof of Porcelli's criterion for the weak convergence of a sequence in the Banach space of bounded finitely additive complex measures defined on an arbitrary field, and equipped with the total variation norm. Also, a characterization of the so-called Caratheodory Extension Property is presented, and there is a brief discussion of the relevance of this material to stochastic integration.
Amongst the numerous criteria for the extendability of a vector valued premeasure (see [9] for an admirable summary and comprehensive bibliography), precisely one stands out both for its simplicity and for its applicability. Our aim in this paper is to rescue this criterion from its relative obscurity within the speciahst literature by providing three "advertisements" for it. The main advertisement will be a short, transparent proof of Porcelli's characterization of the weak convergence of a sequence of finitely additive complex measures (Theorem 2). The second advertisement will be a simple characterization of those Banach spaces for which the classical Caratheodory extension theorem remains essentially valid (Theorem 5), and the third advertisement will be an indication of the usefulness of the criterion to the construction of stochastic integrals.
We begin with a brief discussion of the criterion itself. Recall that a (Banach space valued) set function u is said to be strongly bounded if we have lim"^w p(E") = 0 for every infinite sequence {£"} of pairwise disjoint sets in the domain of ¡i, and that ju is a premeasure if we have li(E)=^p(E") 71 for every finite or infinite sequence {E"} of pairwise disjoint sets in the domain of u whose union, E, also lies in the domain of u. Here now is the theorem which, we feel, deserves the title of the Caratheodory extension theorem for Banach space valued premeasures.
1. Theorem. Let F be a field of subsets of a set ß, let X be a Banach space, and let ¡x: F -> X be a premeasure. Then ¡i may be uniquely extended to an X valued measure p* on A, the o-field generated by F, // and only if u is strongly bounded on F. Moreover, if the total variation measure, | u|, of u is finite, then we also have \ ¡i\* = \ ¡i*\. ■
The major portion of Theorem 1 was first obtained in greater generality by Sion [17] who was later [16] to generalize it even a bit further (to uniform semigroup valued premeasures). His arguments are elementary but exceedingly lengthy and technical. An equally elementary and much shorter approach to Theorem 1 as it stands is to construct a control measure for m via the arguments of Traynor in [18, Theorem 1.3, p. 256ff]. This procedure reduces the construction of u* to the classical metric approximation argument of Gäinä [8] . Apart from the intrinsic appeal of this elementary approach, it also increases the power of Theorem 1. The Porcelli result (Theorem 2 below) was actually used in the original, nonelementary construction of a control measure in this setting [2] .
Our first advertisement for Theorem 1 is a short proof of Porcelli's criterion for the weak convergence of a sequence in the space My = My(ß, F) of bounded finitely additive complex measures defined on a field F of subsets of a set ß, and equipped with the total variation norm. Porcelli's original proof [15] was extremely long and gruelling, while the direct proof due to Darst [5] still contains many technical arguments. The present proof is less elementary, but is devoid of technicalities and directly relates the finitely additive result to its analogue for countably additive measures. Proof. The necessity of the condition is trivial, and so we prove the sufficiency. In view of the Stone space construction, there is no loss of generality in assuming that the elements of My are in fact premeasures. It now follows from the second part of Theorem 1 that the map which sends each u G My into its Carathéodory extension u* on A, the o-field generated by F, determines an isometric isomorphism between My and the space M = M(ß, A) of countably additive complex measures defined on A, and equipped with the total variation norm. It therefore suffices to show that the sequence {u* ) converges weakly in M, and in view of the classical results in this direction [7, Theorem 5, p. 308 ; Theorem 8, p. 309], it is sufficient only to show that the u* converge pointwise on A.
To this end, we first conclude from the given assumption and from a slight modification to the argument in [4, Theorem 2, p. 1296] that the ll" are uniformly strongly bounded. (This means simply that the limit which is asserted to exist in the definition of strong boundedness is uniform in n.) We next let c denote the Banach space of convergent sequences of complex numbers, equipped with the supremum norm, and we define a c valued "superpremeasure" p on F by p(F) = (px(F),lh(F),...)
for all F E F. The fact that p is a strongly bounded premeasure on F follows from the uniform strong boundedness of the u". Theorem 1 thus allows p to be extended to a c valued measure p* on A. From the uniqueness part of Theorem 1, we conclude easily that p*(E) = (Lif(E),p2*(E),...)
for all E E A. But now the mere fact that p* assumes values in c gives the desired conclusion. ■ A portion of the above argument does not require the u" to be scalar valued. We isolate this portion into the following corollary, which generalizes [2, Theorem 4, p. 1001].
3. Corollary. Let F be a field of subsets of a set ß, let A be the a-field generated by F, let X be a Banach space, and let {ju,n} be a sequence of countably additive X valued measures defined on A. Then the limit limn^00 p"(E) exists for all sets E E A if and only if this limit exists precisely for those sets E E A which constitute the union of a sequence {Fj) of (pairwise disjoint) sets in F. ■ 
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Our second advertisement for Theorem 1 is a characterization of those Banach spaces for which the original Caratheodory extension theorem remains essentially valid. 4 . Definition. A Banach space X is said to possess the Caratheodory Extension Property if, for every field F, every bounded X valued premeasure defined on F extends (uniquely) to a countably additive X valued measure defined on the a-field generated by F. ■ Simple examples (e.g. [9, Ex. 1, p. 176]) show that without the requirement that the premeasure be bounded, no Banach space at all will possess the Caratheodory Extension Property. Proof. This follows at once from the fact that every closed subspace of a weakly complete space is weakly complete, whereas Cq is not weakly complete.
■
Our third advertisement for Theorem 1 is to point out its relevance to the definition of stochastic integrals arising from a predetermined stochastic process. Beginning with the work of Pellaumail in [13] , an attempt has been made to identify the stochastic integral as a special case of the classical Bartle integral with respect to a vector valued measure (see [1] and [11] ). This identification might be called the "Lebesguification" of the stochastic integral, for it makes possible the same kind of advancement of the original theory as that made by the Lebesgue-Stieltjes integral over the RiemannStieltjes. Moreover, the identification is achieved in precisely the same way, i.e. the given stochastic process is (first) converted into a vector measure in precisely the same way that a monotone function is converted into a Lebesgue-Stieltjes measure. Thus an extension theorem is required for what we might term stochastic premeasures, and an examination of even the most recent literature reveals that many workers in this area are still laboring under some of the more difficult criteria for the extendability of vector valued premeasures (e.g., see [11, Theorem 5 
109]).
But more than this, stochastic premeasures assume their values exclusively in Lp spaces (for 1 < p < oo). Now it is well known that when p is finite these spaces are weakly complete [7 So in nearly all cases (i.e. except when p = oo) we conclude: If ju, is a stochastic premeasure defined on a ring (most usually of subsets of R), then in order to extend p to the generated a-field it is sufficient merely to establish that u is bounded, and in order to extend /x to the generated 5-ring it is sufficient merely to establish that u is locally bounded (in the sense of [9, p. 177]).
